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Plane Poiseuille Flow of a Rarefied Gas

YOUNG-PING PAO* AND D. ROGER WiLLisf
Princeton University, Princeton, N. J.

CONSIDER the problem of rarefied gas flow through a
long two-dimensional channel, of length L and width d,

connecting two large reservoirs at slightly different pressures
PI and Pz'} the channel plates and the reservoirs are being
kept at the same temperature 6.

Experiments measuring the flow rate through approxi-
mately two-dimensional channels with various mean pressures
were made by a number of investigators, e.g., see Rasmussen.1
The normalized volumetric flow rate, i.e., the mass flow rate
multiplied by Rd and divided by (Pi — P2), is denoted by T.
Rasmussen observed a minimum in T7 as a function of the
mean channel pressure, which is inversely proportional to the
Knudsen number.

The existence of this minimum was demonstrated theo-
retically in a paper by Cercignani,2 who analyzed the problem
for an arbitrary Knudsen number by assuming a strictly
linear pressure gradient along the channel and using a simple
kinetic model to describe the intermolecular collisions.

In what follows, it will be shown that the knowledge of the
flow behavior in two extreme limits, i.e., the Knudsen limit
and the continuum limit, will be sufficient to establish the
existence of this minimum.

Choose the coordinates system such that x is in the direc-
tion of the flow, and the plates are given by 0 < x < L and
y = ±d/2.

The Knudsen limit and the continuum limit are char-
acterized by L/\ —* 0 (d/\ -*• 0 a fortiori) and \/d —> 0,
respectively, where X is the mean free path of the gas.

In the Knudsen limit, because of the absence of inter-
molecular collisions, it is possible and convenient to consider
only the case in which P2 = 0. This problem reduces to an
integral equation for n(x), the number of molecules striking
a unit area of a channel plate about the point x in unit time,
namely (see Ref. 3, part 1),

n(x) = Pi D- (*»
d* fl
2 Jo [(x - f)2 + (1)

where R is the gas constant and m the mass of a single mole-
cule. Equation (1.) is referred to as the Clausing equation.
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, The number of molecules which would escape into the
vacuum end of the channel per unit cross-sectional area is
given by the formula

:/,' - x]dx (2)

For the derivation of Eqs. (1) and (2), refer to DeMarcus
(Ref. 3, parts land 3).

A complete solution to Eq. (1) has not been obtained.
However, using a "squeezing" method developed by De-
Marcus, the following bounds for n(x) and QN have been
found:4
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A sufficient requirement for Eqs. (3) and (4) to be valid is
that L/d> 100.

Return to the original problem where P2 ^ 0, and denote
by T the quantity m-QN-R6/(Pi — P2), i.e., the normalized
volumetric flow rate per unit cross-sectional area of the
channel.

By virtue of the inequalities (4), the bounds for T are

d . L
-I |x

where subscript Kn indicates the value for Knudsen flow.
It may be worthwhile to stress that the bounds given in (5)
are exact when L/d > 100. For the derivation of inequalities
(3-5), see Ref. 4.

On the other hand, for continuum conditions, the flow rate
is known to obey the classical Poiseuille formula, namely,

T = d*Pm d d
L \ 12(2) * (6)

where Pm is the mean pressure, and the viscosity /* is given
by M = ipcX, where p, c, and X are the density, the mean
thermal speed, and the mean free path of the gas, respec-
tively. Equation (6) holds, providing that the channel is
long enough that the end effects become negligible.

Formula (6) will be assumed to be valid for d/\ > 100. It
can be seen by comparing Eq. (6) with the inequality (5)
that

T(d/\ = 100) < TKn

provided L/d > 2700.
Therefore, .with a channel having L/d > 2700 if one starts

in the Knudsen flow regime and increases the ratio d/\, T
initially varies from TKn to a lower value T(d/\ = 100)
and then increases without bound according to formula (6).
It thus becomes apparent that, for a sufficiently long chan-
nel, T must assume a minimum in the region between the
Knudsen flow and the continuum flow. In other words, this
implies the existence of a minimum in T7 as a function of the
ratio d/\.
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Nonequilibrium Plasma Characteristics
in Hypersonic One-Dimensional Flow
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FOR the case of one-dimensional steady flow in a stream-
tube of constant cross section with negligible viscosity

and diffusion, the kinetic and gasdynamical flow equations
have been combined in a single set of differential equations
describing the composition and flow of a system of reacting
gases. A rather complete chemical model considering 10
reversible reactions is used together with reaction rates pub-
lished by Teare, Kivel, Hammerling, et al.1 Investigation
of the chemical rate equation with a given set of rate con-
stants leads to the determination of temperature, air-density,
and particle-concentration histories behind the shock front.

The following set of equations comprises the heart of the
program:

^
P dx

1 dp. _i_ JL d*L =
p dx v dx

pv dv 1 dp
— ~7~ ~r — T~ ==
p dx p dx

— 4- — = o
dx dx

_ l^dp^l dT
p dx T dx

l_dW
W dx

W ax pv

dh _ _ dT = 2JI^
dx v dx pv

(i)

(2)

(3)

(4)

(5)

(6)

The first three equations are the differential forms of the
overall equations of continuity, conservation of momentum,
and conservation of energy, respectively. Equation (4) is
the differential form of the gas law or thermal equation of
state, where

W = ^(Yi/Wi}^ = ZiWin/Sfi
is the average molecular weight of the mixture of the ith
species, Wi is the gram molecular weight of the ith species,
Ti — p(Yi/Wi) is the concentration in moles per unit volume
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Fig. 1 Species and flow-property histories aft of normal
shock

of the ith species, and Yi/Wi is the number of moles of species
i per gram of original air. _

The fifth equation is the differential form of W = 2;(F*/
Wi) ~1 after application of the equations of continuity for the
individual species in the flowing mixture, neglecting diffusion :

Pv(dYi/dx) = Wiyi
where 7* is the rate at which sp'ecies i is produced per unit
time-per unit volume and is computed from the postulated
chemical mechanism according to the standard methods of
chemical kinetics.

The last equation is the differential form of the enthalpy
of the mixture of gases, where cp = 2;F;cpi is the average
heat capacity at constant pressure, and Hi is the molar heat
capacity of the ith species. This assumes that [(dfc/dp) }T =
0, a good approximation for the high temperatures and low
pressures corresponding to re-entry conditions. The thermo-
dynamic functions required for each species were computed
from its partition function using the approximations devel-
oped by Hochstim for these species.2
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Fig. 2 Peak electron-density overshoots aft of normal
shock


